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a b s t r a c t
It is shown that if a d-dimensional dual hyperoval S over GF(q) has
a doubly transitive automorphism group G, then either q = 2 and
G is of affine type, or q = 4, d = 2 and G ∼= M22 or M22.2. This
improves the results in [C. Huybrechts, A. Pasini, Flag-transitive
extensions of dual affine spaces, Contrib. Algebra Geom. 40 (1999)
503–532] in the following sense: q is shown to be even, and the
shape of G is strongly restricted, including the case q = 2.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
Let U be a vector space over a finite field GF(q)with q elements. A familyA of (d+1)-dimensional
subspaces of U is called a d-dimensional dual arc (abbreviated to d-dual arc) over GF(q) if it satisfies
the following conditions.
(1) dim(X ∩ Y ) = 1 for every distinct members X and Y ofA.
(2) X ∩ Y ∩ Z = {0} for mutually distinct members X, Y , Z ofA.
The subspace of U spanned by the members ofA is called the ambient space ofA. It is easy to see
that a d-dual arc has at most ((qd+1 − 1)/(q − 1)) + 1 members. If the upper bound is attained, A
is called a d-dimensional dual hyperoval (abbreviated to d-dual hyperoval). If d = 1, the notion of
1-dual arcs coincides with the classical notion of dual arcs in the projective plane over GF(q). Thus, in
the remainder of this paper, we only consider the case d ≥ 2.
For the projective space PG(V ) associated with an n-dimensional space V over GF(q), its
automorphism group Aut(PG(V )) is defined to be the group of permutations on the projective points
of PG(V ) preserving the collinearity. This group is known to be isomorphic to the projective semilinear
group PΓ Ln(q) ∼= PGLn(q) : Ze, where e is the natural number with q = pe, p a prime, and Ze denotes
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the cyclic group of order e. The automorphism group Aut(S) of a d-dual hyperoval S with ambient
space V is defined to be the subgroup of Aut(PG(V ))which preserves S.
The pioneering work by Huybrechts and Pasini [5] restricted the structure of Aut(S) for a d-dual
hyperoval S over GF(q), if it acts doubly transitively on the members of S. They showed that one of
the following holds for such S and Aut(S).
(1) q = 2.
(2) q is odd, d is even, |S| is a power of 2, and the stabilizer of a member of S in Aut(S) is a subgroup
of Γ L1(|S|).
(3) q = 4, d = 2 and Aut(S) ∼= M22.2.
It is shown that in case (3) S is uniquely determined up to isomorphism [2]. Notice that no information
was obtained on the structure of Aut(S) in case (1).
In fact they did not work with a dimensional dual hyperoval S itself. Instead they examined the
associated incidence geometry, the affine expansion of S. This forced them to quote not only the
classification of doubly transitive permutation groups but also that of flag-transitive linear spaces.
Both depend on deep investigations based on the classification of finite simple groups.
In this paper, the author tries to classify the dimensional dual hyperovals with doubly transitive
automorphisms again, by directly working with a linear object S inside its ambient space V . This
has two advantages: the dimension of V is enough small in the sense that it is bounded above by
a quadratic function of d [8], and we can exploit representation theory of finite groups. With this new
approach, the following refinement of the result above is obtained. Notice that now we do not need
the classification of flag-transitive linear spaces, although we still need the classification of doubly
transitive permutation groups.
Theorem 1. Assume that S is a d-dimensional dual hyperoval with ambient space V . If a subgroup G of
Aut(S) acts on the members of S doubly transitively, one of the following holds.
(1) q = 2 and G = N : GX , where N is a normal subgroup of G acting regularly on S and the stabilizer GX
in G of a member X ∈ S has one of the following structures:
(a) GX is isomorphic to a subgroup of Γ L1(2d+1) ∼= Z2d+1−1 : Zd+1.
(b) For some divisor l of d + 1 with l ≥ 2, GX is isomorphic to a subgroup of Aut(PSLl(2(d+1)/l))
containing PSLl(2(d+1)/l).
(c) For some divisor 2l of d+ 1 with l ≥ 2, GX is isomorphic to a subgroup of Aut(PSp2l(2(d+1)/(2l)))
containing PSp2l(2(d+1)/(2l))′.
(d) 6 divides d+1 and GX is isomorphic to a subgroup of Aut(G2(2(d+1)/6)) containing G2(2(d+1)/6)′.
(e) d = 3 and GX ∼= A6, S6 or A7.
(2) q = 4, d = 2 and G ∼= M22 : 2 or M22.
Notice that this result improves the results by Huybrechts and Pasini in the following points: the
possibility for odd q is completely eliminated, and the structure of Aut(S) in the case q = 2 is very
much restricted.
In the known examples for q = 2, we have either case (a) with Z2d+1−1 ≤ GX ≤ Z2d+1−1 : Zd+1,
or case (b) with l = d+ 1. It is quite likely that none of cases (c) and (d) occurs. Based on Theorem 1
above, a class of d-dual hyperovals over GF(2) with 2d + 2-dimensional ambient spaces admitting
doubly transitive automorphism groups is characterized [9].
The paper is organized as follows. In Section 2, we review the classification of finite doubly
transitive permutation groups. The proof of Theorem 1 begins in Section 3 by observing that the
stabilizer GX in G of a member X appears as one of the groups in Table 2. In Section 4, we examine the
case where G is a permutation group of almost simple type on S, and obtain case (2) in Theorem 1. In
Section 5,we examine the other casewhereG is of affine type onS.We show that case (1) in Theorem1
occurs, except one possibility, which corresponds to the case with q odd remained open in the result
by Huybrechts and Pasini. This case is eliminated in the last section, exploiting representation theory
of finite groups and elementary number theory.
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Table 1
Doubly transitive groups of semisimple type
N |Ω| max |G/N|
(S1) An n n ≥ 5 2
(S2) PSLl(q) (ql − 1)/(q− 1) l ≥ 2 (l, q− 1)e(q = pe)
(S3) PSU3(q2) q3 + 1 q 6= 2 (3, q+ 1)2e
(S4) 2B2(q) q2 + 1 q = 22m+1,m ≥ 1 2m+ 1
(S5) 2G2(q) q3 + 1 q = 32m+1,m ≥ 1 2m+ 1
(S6) Sp2l(2) 22l−1 ± 2l−1 l ≥ 3 1
N |Ω| max |G/N| N |Ω| max |G/N|
(S7) PSL2(11) 11 2 (S12) M22 22 2
(S8) PSL2(8) 28 3 (S13) M23 23 1
(S9) A7 15 1 (S14) M24 24 1
(S10) M11 11, 12 1 (S15) HS 176 1
(S11) M12 12 1 (S16) Co3 276 1
Table 2
Doubly transitive groups of affine type
≤ GX GX ≤ |Ω|
(Af 1) Γ L1(pm) pm
(Af 2) SLl(pm/l) GLl(pm/l)Zm/l pm (l|m, l ≥ 2)
(Af 3) Sp2l(pm/2l)′ Sp2l(pm/2l)Zm/l pm (l|2m, l ≥ 2)
(Af 4) G2(pm/6)′ G2(pm/6)Zm/6 pm p = 2, (6|m)
(Af 5) NGLm(p)(R), R ∼= 21+2− 52, 72, 112, 232
(Af 6) NGL4(3)(R), R ∼= 21+4− 34
(Af 7) SL2(5) SL2(5) 34, 112, 192, 292, 592
(Af 8) An An, n = 6, 7 24
(Af 9) SL2(13) SL2(13) 36
2. Doubly transitive permutation groups
In this section, we recall the classification of finite doubly permutation groups. Let G be a group
acting faithfully and doubly transitively on a finite setΩ . It is well known that G belongs to one of the
following classes.
(s) There exists a non-Abelian simple normal subgroupN ofG such thatG is isomorphic to a subgroup
of Aut(N). In particular, G/N is a solvable group.
(af) There exists a unique minimal normal subgroup N acting regularly on Ω . N is an elementary
Abelian p-subgroup of order pm for a prime p, and |Ω| = pm. Identifying N with a vector space
of dimension m over GF(p), the stabilizer Gα of a point α ∈ Ω corresponds to a subgroup of
Aut(N) ∼= GLm(p) acting transitively on the set of non-zero vectors of N .
The group G is said to be of almost simple type or affine type, according as G belongs to (s) or (af).
Based on the classification of finite simple groups, the structure of G is determined. The structure of G
together with its degree |Ω| is indicated in Tables 1 and 2 according to the type of G. The sources of
these tables are [1,6] respectively.
In Table 1, we only give (G, |Ω|) but do not distinguish equivalence classes of permutation
representations. We indicate the maximal possible value of |G/N|. Notice that this value is smaller
than |Aut(N)/N| in the following cases: (S1) with n = 6, (S2) with l = 2, (S7), (S9), (S11), (S15). It
can be verified that in each of these cases neither Aut(N) has a subgroup of index |Ω| nor is it possible
to find an automorphism of N not acting onΩ . Notice that G = 2G2(3) in (S8).
In Table 2, we identifyΩ with GF(pm) regarded as anm-dimensional space over GF(p), and hence
considerGX as a subgroup ofGLm(p). The second column shows a normal subgroup ofGX . Themaximal
possible group forGX is indicated in the third column. In fact, we havemore information in cases (Af 5),
(Af 6), (Af 7), but we omit them, as we do not need them later. We also assume that l ≥ 2 in (Af 2) and
(Af 3) to avoid repetitions.
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3. Stabilizer of a member
Let S be a d-dual hyperoval with d ≥ 2 over GF(q) for q = pe, p a prime, and let V be the
ambient space of S. Consider the inverse image Γ L(S) of Aut(S) in the general semilinear group
Γ L(V ) = GL(V )Gal(GF(q)/GF(p)) ∼= GLn(q) : Ze.
Γ L(S) := {g ∈ Γ L(V )|Sg = S}.
We denote by Z the subgroup of scalar transformations on V , the latter being regarded as a d + 1-
dimensional space over GF(q). Then Z ∼= Zq−1 ∼= GF(q)×. The group Z stabilizes every member of S,
whence Z ≤ Γ L(S). By definition, we have Γ L(S)/Z = Aut(S). Throughout this paper, we will work
with a subgroup G of Γ L(S) containing Z:
Z := {αI|α ∈ GF(q)×} ≤ G ≤ Γ L(S).
The reason why we work with Γ L(V ) instead PΓ L(V ) lies in the fact that we can determine the
stabilizer GX as a doubly permutation group of affine type, but not GX/Z directly. We begin with the
following remarks.
Lemma 2. Let GX be the stabilizer in G of a member X of S. Then the following hold.
(1) The action of GX on the set S \ {X} is equivalent to the action of GX on the set of projective points of
PG(X), via the map sending each member Y of S \ {X} to the point X ∩ Y of PG(X).
(2) The kernel of the action of GX on the set of projective points of PG(X) coincides with Z. In particular,
Z is the kernel of the action of G on S.
(3) The vector space X, regarded as an e(d + 1)-dimensional space over the prime field GF(p), gives
a faithful linear representation of GX . In particular, GX is isomorphic to a subgroup of Aut(X) ∼=
GLe(d+1)(p).
Proof. Claim (1) is immediate to see. Claim (2) has been established in [7, Lemma 4(1)]. To show
Claim (3), suppose that an element g of GX fixes all vectors of X . Then it fixes all the projective points
of PG(X), whence g ∈ Z by Claim (2). But Z is the group of scalar transformations on V , and thus Z
acts semiregularly on the non-zero vectors of X . This implies that g = 1. 
In the remainder of this paper, assume that
G acts doubly transitively on S.
This together with Lemma 2(3) determines the structure of GX .
Lemma 3. The stabilizer GX of X ∈ S in G is a subgroup of GL(X) ∼= GLe(d+1)(p) which acts transitively
on the set of non-zero vectors of X. Thus GX is isomorphic to one of the groups listed in Table 2.
Proof. As G acts doubly transitively on S, the stabilizer GX acts transitively on the set S \ {X}, whence
on the set PG(X) by Lemma 2(1). Notice that the group Z of scalar transformations is contained in GX
and that Z acts regularly on the set of non-zero vectors contained in a projective point of PG(X). Hence
we conclude that GX is transitive on the set of non-zero vectors in X .
From Lemma 2(3) and the fact above, the semidirect product T : GX is a doubly transitive
permutation group on X of affine type, where T is the group of translations with respect to vectors of
X and the action of GX on T is given via natural action of GL(X) ∼= GL(e(d+ 1), p) on T . Then GX is one
of the groups in Table 2. 
On the other hand, the factor group G/Z is a doubly transitive permutation group on S by
Lemma2(2). Hence its structure is given by Table 1 or 2. IfG/Z is of almost simple type, the structure of
the normal subgroupN/Z of G/Z is obtained together with its action on S. Thenwe have the stabilizer
NX/Z inN/Z of amemberX ∈ S. On the other hand,we already obtained the structure ofGX , and hence
its normal subgroup Z and the quotient group GX/Z . Then we have the structures of two groups NX/Z
and GX/Z in different ways. As NX/Z is a normal subgroup of GX/Z , we obtain restrictions on their
structures. In fact, we can show that G/Z is not of semisimple type, except for case (S12). This will be
done in the next section. Before doing so, we restrict the structure of GX .
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Lemma 4. The stabilizer GX is not of type (Af 5), (Af 6), (Af 7) or (Af 9).
Proof. In Table 2, we can find |X | = pe(d+1) for each possible case. From our assumption, d + 1 ≥ 3.
This implies that if GX is of type (Af 5), (Af 6), or (Af 7), then |X | = 34. Thus e = 1 and d + 1 = 4.
However, d-dual hyperovals with d odd can be defined only over finite fields of characteristic 2 by [2,
Proposition 2.8]. Hence none of (Af 5), (Af 6), (Af 7) occurs.
If GX is of type (Af 9), then |X | = pe(d+1) = 36 with d ≥ 2, whence p = 3 and (e, d + 1) = (2, 3)
or (1, 6). By the same reason as above, d is even, and then d = 2, e = 2, p = 3, and |S| =
(36− 1)/(32− 1)+ 1 = 92. Now G/Z is a doubly transitive permutation group on S. As its degree |S|
is not a power of a prime, G/Z is not of affine type. Thus G/Z is of almost simple type and it contains a
normal subgroupN/Z in Table 1. In view of the degrees, we can easily verify that the unique possibility
is N/Z ∼= A92. However, this would imply that GX/Z contains A91, which contradicts the structure of
GX ∼= SL2(13) in (Af 9). 
4. Almost simple cases
In this section, we assume that G/Z is a doubly transitive permutation group on S of almost simple
type. ThenG/Z has a non-Abelian simple normal subgroupN/Z whose structure is given in Table 1.We
derive a contradiction in each case, except (S12). In the remainder of this paper, we use the following
standard notation in group theorywithout further references. For a finite groupH and a prime s,H ′ and
Os(H) denote the derived subgroup of H and the maximal normal s-subgroup of H , respectively. We
say that H is perfect if H = H ′. For a chain (H0,H1, . . . ,Hi, . . .) of subgroups of H defined inductively
by H = H0 and Hi+1 = (Hi)′ (i = 0, . . .), we set H∞ := ∩∞i=0 Hi.
Lemma 5. The group G/Z is not of type (Si) for i = 7, 8, 9, 10, 11, 13, 14, 15, 16.
Proof. If G/Z is of type (Si) for i = 7, 8, 9, 10, 11, 13, 14, 15 or 16, then |S| is one of the following
values: 11, 12, 15, 23, 24, 28, 176 and 276. We can verify that none of these values can be written as
((qd+1 − 1)/(q− 1))+ 1 for some prime power q and an integer dwith d ≥ 2. 
If G/Z is of type (S12), we have |S| = 22. The only solution for 22 = qd + · · · + q + 2 with a
prime power q and an integer d ≥ 2 is (q, d) = (4, 2). The 2-dual hyperovals are classified by Del
Fra [2]. Among them, there is a unique class with automorphism group M22.2. Thus in this case, S is
isomorphic to this dimensional dual hyperoval.
Now we may assume that G/Z is of type (Si) for i = 1, . . . , 6.
Lemma 6. The stabilizer GX is of type (Af 1).
Proof. Suppose that GX is not of type (Af 1). From Lemmas 3 and 4, then GX is of type (Af i) for i =
2, 3, 4 or 8. In particular,GX contains a normal subgroup LX isomorphic to SLl(pe(d+1)/l), Sp2l(pe(d+1)/2l)′,
G2(pe(d+1)/6)′ or An (n = 6, 7), where q = pe. Notice that none of these groups is solvable, because
the only possible solvable groups among them are SLl(pe(d+1)/l) ∼= SL2(p) for p = 2 or 3, but then
e = 1 and d+ 1 = l = 2, which contradicts that d ≥ 2. Thus we have LX = G∞X , as GX/LX is solvable.
Notice also that any solvable normal subgroup of LX lies in its center Z(LX ), whence it is cyclic. Then
any solvable normal subgroup of LXZ/Z = (GX/Z)∞ is cyclic as well.
Assume that G/Z is of one of the following types: (Sj) for j = 3, 4, 5, (S2) with l = 2, and
(S1) with n = 5. Then the stabilizer NX/Z of a member X ∈ S is solvable. As G/N is solvable,
(GX/Z)/(NX/Z) ∼= GX/NX = GX/(N ∩ GX ) ∼= GXN/N is solvable as well. Thus GX/Z is solvable. This
contradicts the fact that (GX/Z)∞ = LXZ/Z following from the remark in the above paragraph.
Next consider the case when G/Z is of type (S2). Then N/Z ∼= PSLl(r) for some l ≥ 2 and a prime
power r satisfying (r l − 1)/(r − 1) = |S| = ((qd+1 − 1)/(q− 1))+ 1. As we already eliminated the
case with l = 2 in the above paragraph, wemay assume that l ≥ 3. Then NX/Z is a parabolic subgroup
of PSLl(r) corresponding to a projective point or a hyperplane, which is the semidirect product of an
elementary Abelian normal subgroup U of order r l−1 with a quotient group GLl−1(r)/W of GLl−1(r) by
a subgroup W of Z(GLl−1(r)) of order g.c.d.(l, r − 1). Notice that (l, r) 6= (3, 2) nor (3, 3), because
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(r l − 1)/(r − 1) for these values cannot be written as qd + · · · + q + 2 for any prime power q and
any d ≥ 2. In particular, (NX/Z)′ is a perfect group and Os((NX/Z)′) = U , where s is a prime dividing
r . As GX/NX is solvable, we have (GX/Z)∞ = (NX/Z)′, whence U = Os((GX/Z)∞). As l ≥ 3, U is not a
cyclic group. However, as we remarked in the first paragraph, this group lies in Z(LX )Z/Z , whence it
is cyclic. This contradiction shows that G/Z is not of type (S2).
Assume that G/Z is of type (S1). Then N/Z ∼= An for some n ≥ 5 with n = |S| = qd + · · · + q+ 2,
q = pe. As we already treated the case n = 5, wemay assume that n ≥ 6. Then NX/Z ∼= An−1 is a non-
Abelian simple group. As GX/NX is solvable, we have (GX/Z)∞ = NX/Z , which coincides with LXZ/Z ,
as we saw in the first paragraph. Thus An−1 is isomorphic to either PSLl(pe(d+1)/l), PSp2l(pe(d+1)/2l)′,
G2(pe(d+1)/6)′, A6 or A7. Notice that PSLl(pe(d+1)/l) is isomorphic to An−1 if and only if (l, pe(d+1)/l, n) =
(2, 4, 6), (2, 5, 6), (2, 32, 7), or (4, 2, 9). As d ≥ 2, we have (l, pe(d+1)/l, n) 6= (2, 5, 6). In each of
the remaining cases, q = pe is determined by the assumption d ≥ 2, but the resulting q does not
satisfy the condition n = qd + · · · + 2. Notice that PSp2l(pe(d+1)/2l)′ is isomorphic to An−1 if and only
if (l, pe(d+1)/2l, n) = (2, 2, 7), from which we have a similar contradiction. There is no G2(pe(d+1)/6)′
isomorphic to An−1. If An−1 ∼= A6 or A7, we have (q, d, n) = (2, 2, 8). However, the 2-dual hyperovals
over GF(2) are classified [2], and none of them has the automorphism group A8 or S8. Thus G/Z is not
of type (S1).
Finally, assume that G/Z is of type (S6). Then 22m−1±2m−1 = |S| = qd · · ·+q+2 for somem ≥ 3.
In view of the stabilizer of the action of N/Z with this degree, (NX/Z)∞ = (GZ/Z)∞ = LXZ/Z is a
non-Abelian simple group PΩε2m(2) (ε = ±). Thus PΩε2m(2) (m ≥ 3) is isomorphic to PSLl(pe(d+1)/l),
PSp2l(pe(d+1)/2l)′, G2(pe(d+1)/6)′, A6 or A7. This occurs only when PΩ+6 (2) ∼= SL4(2) ∼= A8, that is,
(m, ε, l, q) = (3,+, 4, 2). But then d + 1 = 4 and |S| = qd + · · · + q + 2 = 16, while
|S| = 22m−1 + 2m−1 = 36. This contradiction eliminates the last possibility. 
Lemma 7. GX is not of type (Af 1).
Proof. Assume that G/Z is of type (Af 1). Then GX is a subgroup of Γ L1(qd+1) by Lemma 3. The
group Γ L1(qd+1) is described as follows, inside the group L(p) of GF(p)-linear bijections of GF(qd+1),
regarded as an e(d + 1)-dimensional vector space over the prime field GF(p). Notice that L(p)
contains the subgroup L(q) of GF(q)-linear bijections of GF(qd+1). Let F(p) be the Galois group
Gal(GF(qd+1)/GF(p)) of the extension GF(qd+1) over the prime field GF(p). Then F(p) is a cyclic
subgroup of L(p) of order e(d+ 1), in which F(q) := F(p)∩ L(q) corresponds to Gal(GF(qd+1)/GF(q))
of order d+ 1. Choose a generator ω of the multiplicative group GF(q)× and define the elementµω of
L(q) by µω : GF(qd+1) 3 x 7→ ωx ∈ GF(qd+1). Let S be the cyclic subgroup of L(p) generated by µω .
Then the group Γ L1(qd+1) is given as the semidirect product S : F(p) of S with F(p) above. The action
of F(p) on S is given by µσω = µωσ for σ ∈ F(p). In particular, Γ L1(qd+1) ∩ L(q) = S : F(q).
We identify GX with a subgroup of S : F(p). The group Z ∼= Zq−1 of scalar matrices with entries in
GF(q)× corresponds to the unique subgroup of S of order q−1. ThusGX/Z is a subgroup of (S/Z) : F(p).
We will show that (GX/Z)′ is a cyclic group. To this end, we first verify that the centralizer of S/Z
in (S/Z)F(p) is exactly S/Z . Let σ : GF(qd+1) 3 x 7→ xp ∈ GF(qd+1) be a generator of F(p).
Then if the centralizer properly contains S/Z , then there is a non-trivial element σ i of F(p) such that
µσ
i
ω ∈ µωZ . Thenωσ i−1 lies in GF(q)×, whenceω(σ i−1)(σ e−1) = 1. This implies the congruence relation
(pi − 1)(pe − 1) ≡ 0 modulo pe(d+1)−1. If (p, e(d + 1)) 6= (2, 6), the existence of a p-primitive
divisor of pe(d+1)−1 yields a contradiction. In the exceptional case, we can also derive a contradiction,
as 1 ≤ i, e ≤ e(d+ 1)− 1 and d ≥ 2. This establishes the claim that C(S/Z)F(p)(S/Z) = S/Z . Returning
to the proof of the claim that (NX/Z)′ is cyclic, observe that GX/Z acts on the cyclic group S/Z , as GX/Z
lies in (S/Z) : F(p). As Aut(S/Z) is Abelian, (GX/Z)′ lies in the centralizer of S/Z in (S/Z)F(p). Hence
(GX/Z)′ ≤ S/Z by the above claim. In particular, (GX/Z)′ is cyclic.
Now we begin to eliminate the candidates for N/Z . From Lemma 5, the normal subgroup N/Z of
G/Z is of type (Si) for some i = 1, . . . , 6. If N/Z is of type (S6), then (NX/Z)∞ ∼= PΩ±2l (2), which is
a non-Abelian simple group for l ≥ 3. This contradicts the above remark. If N/Z is of type (S1), then
NX/Z ∼= An−1 with n ≥ 5. Since A′4 is non-cyclic and A′n−1 is non-Abelian simple for n ≥ 6, this again
contradicts the above remark.
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Assume that N/Z is of type (S3). Thus N/Z ∼= PSU3(r2) for some prime power r with r > 2. Then
NX/Z is the semidirect product of a normal subgroup U of order r3 with a cyclic group C of order
(r2 − 1)/(3, r + 1). The center Z(U) of U is an elementary Abelian group of order r . The group C acts
transitively on Z(U)# and non-trivially onU/Z(U). Thus the derived subgroupNX/Z properly contains
Z(U), whence it is not cyclic. This contradicts the remark above. If N/Z is of type (S4) or (S5), then
NX/Z is a group of order r2(r − 1) or r3(r − 1), according as N/Z ∼=2 B2(r) (r = 22m+1, m ≥ 1) or
2G2(r) (r = 32m+1,m ≥ 1), which has a structure similar to the case (S3). Then it can be verified that
in either case (NX/Z)′ contains an elementary 2- or 3-subgroup of order r (≥23 or 33), whence we
have a contradiction.
Finally, consider the casewhenN/Z is of type (S2). ThenN/Z ∼= PSLl(r) for someprimepower r and
l ≥ 2 with |S| = (r l − 1)/(r − 1) = qd + · · · + q+ 2. Notice that NX/Z is isomorphic to the stabilizer
in PSLl(r) of a projective point of PG(l − 1, r). Thus it is the semidirect product of an elementary
Abelian normal subgroup of order r l−1 with a complement GLl−1(r)/Z(l,r−1) acting irreducibly on the
normal subgroup. In particular, (NX/Z)′ is cyclic only when l = 2 and r = s is a prime. Notice that
s 6= 2, for otherwise N/Z ∼= PSL2(2) is solvable, contradicting that N/Z is non-Abelian simple. Now
NX/Z ∼= Zs : Z(s−1)/2. As (S/Z) : F(p) ≥ NX/Z , we have ((qd+1− 1)/(q− 1)) · e(d+ 1) ≥ s((s− 1)/2).
On the other hand, we have (qd+1 − 1)/(q − 1) = |S| − 1 = ((s2 − 1)/(s − 1)) − 1 = s. Hence we
have 2e(d+ 1) ≥ s− 1 = qd + · · · + q = q(qd−1 + · · · + 1). As qd−1 + · · · + 1 ≥ 2d−1 + 1 ≥ d+ 1,
we then have 2e ≥ q = pe. This is possible only when p = 2 and e = 1 or 2. Moreover, we then have
d = 2 and e = 1 from the above inequalities. As s = (q3−1)/(q−1) is a prime, the unique remaining
case is (q, d, s) = (2, 2, 7). Then Z = 1, N = G = PSL2(7) and |S| = 8. By [2], there are exactly two
classes of 2-dual hyperovals over GF(2), and they have automorphism groups 23 : SL3(2) (with the
stabilizer of a member isomorphic to SL3(2)) and 23 : (Z7 : Z3). None of them contains a subgroup
PSL2(7) ∼= SL3(2)which acts doubly transitively on the members. This eliminates the last possibility.

From previous lemmas, we conclude that if G/Z is of almost simple type, then q = 4, d = 2 and
N/Z ∼= M22.
5. Affine cases
From the result in the last section, we may now assume that the doubly transitive permutation
group G/Z on S is of affine type. Then there exist a prime s, a natural number m and an elementary
Abelian normal subgroup N/Z of G/Z of order sm acting regularly on S. Furthermore, the stabilizer
GX/Z of a member X ∈ S is isomorphic to a subgroup of Aut(N/Z) ∼= GLm(s) acting transitively on
(N/Z)#. We have sm = |S| = qd + · · · + q+ 2. From Table 2 and Lemma 4, either GX is isomorphic to
a subgroup of Γ L1(sm) or GX/Z contains a normal subgroupMX/Z isomorphic to one of the following
groups (see Lemma 3):
SLn(sm/n) for some divisor n ofmwith n ≥ 2,
Sp2n(sm/2n)′ for some divisor 2n ofmwith n ≥ 2,
G2(sm/6)′, wherem is a multiple of 6 and s = 2,
An for n = 6, 7, withm = 4 and s = 2.
On the other hand, we already know that either GX is isomorphic to a subgroup of Γ L1(pe(d+1)) or GX
contains a normal subgroup LX isomorphic to one of the following groups:
SLl(pe(d+1)/l) for some divisor l of e(d+ 1)with l ≥ 2,
Sp2l(pe(d+1)/2l)′ for some divisor 2l of e(d+ 1)with l ≥ 2,
G2(pe(d+1)/6)′, where e(d+ 1) is a multiple of 6 and p = 2,
An′ for n′ = 6, 7, with e(d+ 1) = 4 and p = 2.
Notice thatMX/Z is not solvable, for otherwiseMX/Z ∼= SLn(sm/n)with n = 2 = m and s = 2 or 3, but
then |S| = 22 or 32, which cannot be written as qd + · · · + q + 2 for any prime power q and d ≥ 2.
Recall also that LX are non-solvable, as we saw in the first paragraph of the proof of Lemma 6.
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Notice that ifMX/Z ∼= A6 or A7, then we have |S| = 24 = qd + · · · + q + 2, and hence q = 2 and
d = 3. Furthermore, Z = 1, LX = MX in this case. We do not have GX ∼= S7, PGL2(9),M10 or Aut(A6), as
these groups are not embedded into GL4(2) ∼= GL(N). Thus G is a semidirect product of an elementary
Abelian group N of order 24 with A6, S6 or A7. Starting from the assumption that LX ∼= An′ (n′ = 6 or
7), we have the same conclusion. This corresponds to case (e) in the statement of Theorem 1. Thus we
assume that none ofMX/Z and LX is of shape An (n = 6, 7).
We next assume that GX/Z is not isomorphic to a subgroup of Γ L1(sm). Then GX/Z has a non-
solvable normal subgroupMX/Z above. This implies that GX has a normal subgroup LX . Comparing the
non-Abelian simple factor in the composition factors of GX , we conclude thatMX/Z(MX ) ∼= LX/Z(LX ).
Thus we have an isomorphism among simple groups of type PSL, PSp and G2. Since n, l ≥ 2, we can
verify that there is no isomorphism between those simple groups if they have distinct types. Thus the
only possibilities are
PSLn(sm/n) ∼= PSLl(pe(d+1)/l), PSp2n(sm/2n)′ ∼= PSp2l(pe(d+1)/2l)′,
or G2(2m/6)′ ∼= G2(2e(d+1)/l)′.
If we have the second isomorphism, then n = l, s = p andm/2n = e(d+1)/2l. As sm = qd+· · ·+q+2,
s = p divides 2, whence we have s = p = q = 2. This is case (c) in Theorem 1. Similarly, if the last
isomorphism holds, then we have case (d) in Theorem 1. Assume that the first isomorphism holds.
Then we have n = l, s = p and m/n = e(d + 1)/l, except the following cases corresponding to
PSL2(4) ∼= PSL2(5): (s, n,m/n) = (5, 2, 1) and (p, l, e(d + 1)/l) = (2, 2, 2). (Note that d ≥ 2
eliminates the symmetric case.) In the non-exceptional case, we have q = 2 and case (b) in Theorem1.
In the exceptional cases, we have e = 1, p = q = 2, d + 1 = 4, s = 5, n = m = 2, but they do not
satisfy sm = |S| = qd + · · · q+ 2.
Hencewemay assume thatGX/Z is a subgroup ofΓ L1(sm). In particular,GX is solvable. This implies
that GX is a subgroup of Γ L1(pe(d+1)), for otherwise GX has a normal subgroup LX , which is non-
solvable, as we remarked above.
Assume that q is even. Then qd + · · · + q + 2 = sm is even, whence s = 2. If q ≥ 4, then
qd + · · · q + 2 ≡ 2 (modulo 4), which implies that m = 1, but this contradicts d ≥ 2. Hence we
have q = 2. Then e = 1,m = d+ 1 and Γ L1(sm) = Γ L1(pe(d+1)). This is case (a) of Theorem 1.
Hencewemay assume that q is odd. This corresponds to the anomalous case (b) in the introduction,
left open in [5]. This case will be eliminated in the next section.
6. Elimination of the anomalous case
In this section, we assume that GX/Z is a subgroup of Γ L1(sm) and that GX is a subgroup of
Γ L1(pe(d+1)) with q = pe odd. We will derive a contradiction in this case, using the upper bound
dim(V ) ≤ (d+1)(d+2)/2 for the ambient space V of S and the representation theory of extraspecial
and Frobenius groups.
Lemma 8. We have q ≡ 1, d ≡ 2 (modulo 4), d ≥ 6 and |S| is a power of 2. The inverse image N of
the regular normal subgroup N/Z on S lies in the group of GF(q)-linear transformations on the ambient
space V of S.
Proof. As q is odd, it follows from [2, Proposition 2.8] that d is even. Write q ≡ ε (mod 4) for ε = ±1.
Then sm = |S| = qd + · · · + q + 2 is congruent to d + 2 or 2 modulo 4 according as ε = 1 or−1. In
particular, |S| is even, whence s = 2. As |S| > 2, we have m ≥ 2. Thus |S| ≡ 0 (modulo 4), whence
ε = 1 and d ≡ 2 (modulo 4). By [2, Proposition 4.3], d 6= 2 for q odd. Thus d ≥ 6.
By definition, G is a subgroup of Γ L(V ) = GL(V ) : Ze(d+1), the group of GF(q)-semilinear
automorphisms on V . Suppose N is not contained in GL(V ), the group of GF(q)-linear automorphisms
of V . Note that Z ≤ N ∩ GL(V ). Then N/(N ∩ GL(V )) ∼= (N/Z)/((N ∩ GL(V )/Z) is isomorphic to a
subgroup of the cyclic groupΓ L(V )/GL(V ). AsN/Z is an elementary Abelian 2-group, (N∩GL(V ))/Z is
a subgroup ofN/Z of index 2. As the stabilizer GX is a subgroup of Γ L(V ), it normalizes (N∩GL(V )/Z).
However, this contradicts that GX/Z acts transitively on (N/Z)#. 
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Let T be a Sylow 2-subgroup ofN . AsN/Z is a 2-group, we haveN = TZ . As Z = Z(GL(V )) is a cyclic
groupof order q−1, Lemma8 implies thatN is a central product of Z with T and that Z = (Z∩T )×O(Z).
(Recall that for a finite group H , O(H) denotes the largest normal subgroup of H of odd order.) Then
T = O2(N), on which G acts. Moreover, N/Z ∼= T/(T ∩ Z), where both T and T ∩ Z are invariant
under G.
Lemma 9. We have a contradiction, if T is non-Abelian.
Proof. Assume that T is not Abelian. We will show that every Abelian characteristic subgroup of T
is contained in Z ∩ T . Suppose there is an Abelian characteristic subgroup C of T not contained in
Z ∩ T . Then C is invariant under the action of G. Thus C(Z ∩ T )/(Z ∩ T ) is a non-trivial subgroup of
T/(Z ∩ T ) ∼= N/Z , which is invariant under GX/Z . As GX/Z acts transitively on (N/Z)#, we conclude
that C(Z ∩ T ) = T . As C is Abelian and (Z ∩ T ) ≤ Z(T ), this implies that T is Abelian, contradicting our
assumption. Hence every Abelian characteristic subgroup of T lies in T ∩Z . In particular, Z(T ) = T ∩Z .
Now we can apply a theorem of Hall (e.g. [3, p. 198, Theorem 4.9]) to conclude that T is the central
product of an extraspecial group E and a group R. The group R is either cyclic or isomorphic to a
dihedral, generalized quaternion or semidihedral group of order 2m with m ≥ 4. Notice that if R
is not cyclic, the maximal cyclic subgroup of R is of order 2m−1 and |Z(R)| = 2. Hence the center
Z∩T = Z(T ) of T coincideswith Z(E) = Z(R). Then the elementary Abelian 2-group T/(T ∩Z) ∼= N/Z
would contain a cyclic subgroup R/Z(R) of order 2m−2 ≥ 22, which is a contradiction. Thus T = ER
is the central product of an extraspecial group E and a cyclic group R. Then Z ∩ T = Z(T ) = R and
R ∩ E = Z(E). Thus E/Z(E) ∼= ER/R = T/(T ∩ Z) ∼= N/Z is an elementary Abelian group of order
|S| = 2m = qd + · · · + q+ 2.
Recall that N and so its subgroups T and E lie in GL(V ). Thus the ambient space V of S can be
regarded as a GF(q)[E]-module. Since Z(E) (≤Z∩T ) acts on V as a scalar transformation−IV , any non-
zero GF(q)[E]-irreducible subspaceW of V does not contain Z(E) in its kernel. Hence the irreducible
representation of E onW is faithful. From Lemma 8, the coefficient field GF(q) contains the 4th root of
unity. Hence the dimension dimGF(q)(W ) is determined to be 2m/2 by [3, p. 208, Theorem 5.5], because
|E/Z(E)| = 2m.
Since q > 2, we have dimGF(q)W ≤ dimGF(q) V ≤ (d + 1)(d + 2)/2 from [8]. Thus we have
(qd + · · · q+ 2)1/2 = 2m/2 ≤ (d+ 1)(d+ 2)/2, or equivalently
qd + · · · + q+ 2 ≤ (1/4)(d+ 1)2(d+ 2)2.
Then we have qd ≤ (1/4)d4 + (3/2)d3 + (13/4)d2 + 3d − 1. As q ≡ 1 (mod 4), we have q ≥ 5.
Hence we have 5d ≤ (1/4)d4 + (3/2)d3 + (13/4)d2 + 3d − 1. However, we can verify that
5d > (1/4)d4 + (3/2)d3 + (13/4)d2 + 3d − 1 for all d ≥ 2, by a simple calculus. Thus we have
the desired contradiction. 
We now eliminate the anomalous case, by establishing the following claim.
Lemma 10. We have a contradiction, if T is Abelian.
Proof. Assume that T is Abelian. Since GX/Z is a subgroup of a metacyclic group Γ L1(2m) ∼= Z2m−1 :
Zm, GX/Z has a unique maximal subgroup of odd order. We denote this group by Y := O(GX/Z). As
N is a subgroup of GL(V ) by Lemma 8, the group Z acts trivially on N . Thus GX/Z and so Y acts on T .
Since Y is of odd order and T is an Abelian 2-group, we have T = CT (Y )× [T , Y ].
We set K := [T , Y ], an Abelian 2-subgroup of T , on which GX/Z acts. Let U be a Sylow 2-subgroup
of GX/Z . Then GX/Z = YU . As N/Z is a 2-group normalized by a 2-group U , we have CN/Z (U) 6= 1.
Thus for each non-trivial element x of CN/Z (U), the orbit of x under GX/Z = YU coincides with the
Y -orbit containing x. As GX/Z is transitive on (N/Z)#, this implies that Y is transitive on (N/Z)#. Since
N = TZ and T = CT (Y ) × K , it then follows that N = KZ . Furthermore, Y acts transitively on K#,
which corresponds to (N/Z)#. In particular, K is an elementary Abelian 2-group.
Wenext construct a Frobenius groupwith Frobenius kernelK insideGL(V ). NowGX is a subgroup of
Γ L1(qd), whichwas described as S : F(p) in the first two paragraphs in the proof of Lemma 7.With the
notation there, the group GX ∩ S is normal in GX , and the index [GX : GX ∩ S] divides |F(p)| = e(d+1).
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As GX/Z is transitive on (N/Z)# of length 2m − 1 = (qd+1 − 1)/(q− 1), its order |GX/Z | is a multiple
of Φ∗d+1(q) = Φd+1(q)/(Φd+1(q), d + 1), where Φd+1(q) is the value obtained by substituting q into
the cyclotomic polynomialΦd+1(X) (see [4, Section 3] for more details onΦ∗d+1(q)). Thus |(GX ∩ S)/Z |
is a multiple ofΦ∗d+1(q)/(e,Φ
∗
d+1(q)).
Notice that Z ≤ GX∩S and that (GX∩S)/Z is a cyclic group acting fixed point freely on the projective
points of X . Thus (GX ∩ S)/Z acts fixed point freely on S − {X}, whence on (N/Z)# and on K#, via the
equivalence in Lemma 2(1). From the conclusion above, we see that there is a cyclic subgroup A¯ of
(GX ∩ S)/Z of orderΦ∗d+1(q)/(e,Φ∗d+1(q)). Since |Z | = q− 1 and (Φ∗d+1(q), q− 1) = 1 by [4, Remark
at the top in p. 431], the group A¯ is isomorphic to a subgroup A of GX ∩ S. Then A acts fixed point freely
on K#. Thus the semidirect product K : A is a Frobenius group having the elementary Abelian 2-group
K as the kernel and the cyclic group A of order Φ∗d+1(q)/(e,Φ
∗
d+1(q)) as a complement. Remark that
K : A lies in GL(V ). Furthermore, GF(q)× contains−1, as q is odd.
We consider a non-zero irreducible GF(q)[KA]-submodule W of V . By the Clifford theory, such
a submodule W , regarded as a GF(q)[K ]-module, is decomposed as a sum of homogeneous
(Wedderburn) components (each of those components is a sum of mutually equivalent irreducible
GF(q)[K ]-modules). The conclusions in the above paragraph enable us to apply [3, p. 73, Theorem 4.3].
Then there are exactly |A| homogeneous components inW . In particular, we have
Φ∗d+1(q)/(e,Φ
∗
d+1(q)) = |A| ≤ dimGF(q)(W ) ≤ dimGF(q)(V ) ≤ (d+ 1)(d+ 2)/2
from [8], as q > 2. From this inequality, we have
Φd+1(q) ≤ (e/2)(d+ 1)2(d+ 2).
Notice that we have (1 − (1/q))qφ(d+1) ≤ Φd+1(q) by [4, Theorem 3.6], where φ(d + 1) is Euler’s
totient function. As q ≥ 5, then 4/5 ≤ 1− (1/q), whence
qφ(d+1) ≤ 5e
8
· (d+ 1)2(d+ 2). (1)
For an odd integer n, let |pi(n)| be the number of distinct prime divisors of n. Imitating the proof
of [4, Lemma 3.7], we can verify that n3 ≤ 3φ(n) if |pi(n)| ≥ 3. To treat the remaining cases, observe
the following, which can be verified by simple calculus: 3(8/45)n ≥ n for all n ≥ 15, 3(2/9)n ≥ n
for all n ≥ 9, and 5(2/9)n ≥ n for all n ≥ 5. If |pi(n)| = 2, then n ≥ 3 · 5 = 15 and
φ(n) ≥ n(1 − (1/3))(1 − (1/5)) = (8/15)n. From the above observation, n3 ≤ 3φ(n) for all odd
integers n with |pi(n)| = 2. Similarly, if |pi(n)| = 1, then φ(n) ≥ (2/3)n. Thus it follows from the
above observations that n3 ≤ 3φ(n) for all odd n ≥ 9 and n3 ≤ 5φ(n) for all odd n ≥ 5.
Now we apply these observations to n = d+ 1. Recall that d+ 1 ≥ 7 from Lemma 8. Notice that
qφ(d+1) = pφ(d+1)e ≥ 3φ(d+1)e or≥ 5φ(d+1) according as p ≥ 3 or p ≥ 5. Thus, the above observations
imply that
qφ(d+1) ≥ (d+ 1)3e ≥ e(d+ 1)3,
except when d+ 1 = 7 and p = 3. In the exceptional case, inequality (1) reads 1+ 728e ≤ (729)e =
36e ≤ (5e/8) · 72 · 8 = 245e, which does not hold for any e ≥ 1. Thus it follows from the above
inequality and inequality (1) that we always have (d + 1) ≤ (5/8)(d + 2). Then we have 3d ≤ 2,
contradicting that d ≥ 2. Thus we have the desired contradiction. 
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